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Among the several topological properties of complex networks, the shortest path represents a
particularly important characteristic because of its potential impact not only on other topological
properties, but mainly for its influence on several dynamical processes taking place on the network.
In addition, several practical situations, such as transit in cities, can benefit by modifying a network
so as to reduce the respective shortest paths. In the present work, we addressed the problem of trying
to reduce the average shortest path of several theoretical and real-world complex networks by adding
a given number of links according to different strategies. More specifically, we considered: placing
new links between nodes with relatively low and high degrees; to enhance the degree regularity of
the network; preferential attachment according to the degree; linking nodes with relatively low and
high betweenness centrality; and linking nodes with relatively low/low, low/high, and high/high
accessibilities. Several interesting results have been obtained, including the identification of the
accessibility-based strategies as providing the largest reduction of the average shortest path length.
Another interesting finding is that, for several types of networks, the degree-based methods tend
to provide improvements comparable to those obtained by using the much more computationally
expensive betweenness centrality measurement.
I. INTRODUCTION
Network science is a growing and important research
area, employed to characterize and model a wide range
of real complex systems [3], such as financial market [14];
electric power transmission systems [17]; interaction be-
tween proteins [8]; communication and telephony net-
works [16]; city streets systems [12, 19]; citations in sci-
entific papers [4, 13] or even links between web pages [10].
In order to better understand these systems, various
ways of studying their topology have been suggested.
One particularly important measurement is the average
shortest path length (ASPL) [18], that corresponds to
the average of the minimal distances between all possible
pairs of nodes inside a network. In many real world sys-
tems, such as in city streets or power grid networks, to
know the shortest path between two elements is crucial
to adopt strategies to minimize costs and time of agents
moving inside these systems. Thus, it is also interesting
to find ways to diminish the average shortest path of a
network as a means to improve performance of several
types of activities.
In this work we aim at studying how different strate-
gies can be applied to optimize the average shortest
path of known theoretical complex network models,
such as Baraba´si-Albert (BA), Erdo˝s-Re´nyi (ER), Watts-
Strogatz (WS) and Waxman (WAX), as well as the world-
wide airport network. We consider four different strate-
gies: (i) increasing the degree regularity; (ii) adding links
preferentially to node degree; (iii) linking pairs of nodes
with low and high betweenness; and (iv) adjusting the
accessibility by implementing connections between cen-
tral and peripheral nodes. It is shown that, among the
considered strategies, connecting central and peripheral
nodes leads to the fastest decrease in average shortest
path length. Also, these approaches have distinct effec-
tiveness depending on the network models, with the BA
model resulting in the smallest decrease in ASPL.
This work begins by presenting the adopted network
models, the concepts of average shortest path and the
considered optimization strategies. Next, the results are
presented and discussed.
II. METHODOLOGY
A. Complex Networks Models
Four known theoretical complex networks models were
used in the current study:
1. The Erdo˝s-Re´nyi model (ER), in which pairs of
nodes are connected with a fixed probability p. In
this work, p = 0.006 was used;
2. The Baraba´si-Albert model (BA) [3], consisting of
a random graph in which the nodes are added one-
by-one. Each edge of the newly added node con-
nects to the existing ones with a probability pro-
portional to their degree;
3. The Watts-Strogatz model (WS), which is gener-
ated considering an initial regular ring lattice. Each
edge of the lattice is rewired with probability p, and
is placed between two nodes chosen randomly with
uniform probability. We adopt p = 0.4 in the ex-
periments;
4. The Waxman model (WAX) [22], yielding geo-
metric networks, constructed by randomly placing
nodes on a given space and connecting pairs of
nodes with probability pij , given as:
pij = α exp
−dij/β (1)
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2where dij is the distance between nodes i and j, and
α and β are parameters. α = 0.014 and β = 0.2
were used in the experiments.
Henceforth, all networks have N = 1000 nodes and
average degree fixed around 6.
B. Average Shortest Path
The minimum distance between two nodes A and B in
a network, dAB , corresponds to the minimum number of
edges that need to be traveled when moving from A to
B. The average shortest path L [18] of a given network
is defined as the mean of the shortest distances between
all possible pair of nodes.
The shortest path between two nodes can vary sub-
stantially as a consequence of small alterations in the
network topology, as illustrated in Figure 1.
FIG. 1. Example of a graph (a) with one of the Shortest Paths
between nodes A and B highlighted, evaluated as dAB = 5.
With addition of a single edge (b, in blue), the Shortest Path
is reduced to dAB = 2.
The average shortest path can be used as an indica-
tor of the effectiveness of some networks with respect to
some action, and also as a means for optimizing the re-
spective efficiency (e.g. [2]). For instance, the facility of
pedestrians in moving along a city can be thought of as
being inversely related to the average shortest path of the
respective complex network representation of the city.
C. Optimization Strategies
The considered approaches for trying to optimize given
complex networks so as to reduce their average shortest
path are described as follows. All considered strategies
involve adding a same number of new links Na = 50 to
be added to the network.
Connecting nodes by degree: The first strategy
used to optimize the average shortest paths of a network
involves adding links between nodes with relatively small
and large degree, as an attempt to provide alternative,
possibly shorter, routes to the paths going through the
small degree node.
Making the topology more regular: The second
strategy will be to try to make the degrees of the network
more uniform, yielding a new version of the original net-
work which is closer to a regular graph (all nodes having
the same degree). In this work, we perform alterations in
the original network so as to reduce the node degree stan-
dard deviation. The motivation for this strategy is that
regular networks tend to have smaller average shortest
path [7]. The adopted strategy consists in linking nodes
with degree smaller than the current average degree 〈k〉
to a node belonging to its second-neighborhood [11] and
also having degree smaller than 〈k〉.
Preferential Attachment: Another strategy is to
perform a preferential attachment [9], connecting ran-
domly chosen nodes to others following a probability pi
given as pi ∝ k(i), where k(i) is the degree of a node
i. The preferential attachment strategy has been moti-
vated by the fact that many real-world networks have a
power-law degree distribution that can be modeled using
the preferential attachment concept.
Betweenness-based approach: Measurements of
centrality [6] (e.g. Betweenness, Closeness or Stress Cen-
trality) are important for identifying nodes which can
be potentially critical, e.g. in the sense of carrying more
information and being more visited by traveling agents.
More central nodes also participate in a greater number
of shortest paths in comparison with less central nodes.
Thus, one strategy that can be tried for enhancing cen-
trality is to connect nodes having the smallest and largest
betweenness centralities.
Accessibility-based approach: Given a node V ,
its accessibility Ah(V ) [21] is a measurement of how eas-
ily reachable, or accessible, are other nodes at distance
h from V . This measurement considers the transition
probabilities Ph(V, j) of an unbiased random walker go-
ing from V to each destination node j at a distance h,
and is defined by the exponential of the entropy of these
probabilities, i.e.:
Ah(V ) = exp(Eh(V,Ω)) (2)
where Ω is the set of all nodes reachable from V in h
steps, N the size of set Ω and Eh(V,Ω) is given as:
Eh(V,Ω) = −
N∑
j=1
Ph(V, j) log(Ph(V, j)) (3)
The accessibility can be used to identify borders on
networks. More specifically, nodes in the more central
region of the network tend to present higher accessibility
values, while nodes belonging to the periphery/border
tend to have smaller accessibility. [21]. This suggests
that we can try to enhance the accessibility of the nodes
in a network by considering the following strategies: (a)
3FIG. 2. Average shortest path length in terms of the number of added connections (iterations) for each of the considered
networks topologies. The error bars are shown as vertical lines to 10% of their real length.
adding connections between central and peripheral nodes
- which can be called accessibility (1), for simplicity; (b)
interconnecting peripheral nodes - called accessibility (2);
and (c) interconnecting central nodes - referred as acces-
sibility (3).
III. RESULTS AND DISCUSSION
A. Network models
A total of 30 instances of each model was considered
and 50 iterations of each of our strategies were applied,
with the average shortest path recalculated in every step.
The variation of the average shortest path length in terms
4FIG. 3. Example of a network, with nodes colored according to their accessibility values, before (a) and after (b) the application
of the accessibility (1) strategy. The shortest path between a same pair of nodes are indicated in red in both networks.
of the iterations is shown in Figure 2 for the four adopted
topologies.
In every considered case, the accessibility (1), the
betweenness centrality and the degree-based strategies
yielded better results when compared to the others
strategies, being overcome only by the accessibility (3)
strategy in the case of the WS models. Also, the WS
model was the only case in which the best strategies de-
fined straight curves for the ASPL reduction. For every
adopted model, the worst reduction in average shortest
path length was observed for the regular topology strat-
egy, which involves making the topology more regular.
The degree-based strategy reduces the ASPL by con-
necting nodes with small degrees to large-degree nodes,
the latter being more likely to be part of shorter paths.
As mentioned, the accessibility can be used to de-
fine the concept of a center and a periphery of a net-
work [20, 21]. Therefore, as nodes at the network border
tend to be more poorly connected between themselves,
the shortest path between two peripheral nodes tends to
cross the central region of the network, i.e. the shortest
path between two nodes of low accessibility tends to go
through nodes of high accessibility, as illustrated in Fig-
ure 3(a). The accessibility (1) strategy yielded the best
performance for the considered simulations because this
strategy, by connecting high and low accessibility nodes,
tends to provide shortcuts between peripheral nodes (see
Figure 3(b)).
The betweenness centrality, allowing the second best
performance among the considered strategies, is known
to be large for hubs of the networks [3]. Hubs represent
central nodes that connect most nodes from its surrounds
with hubs from others regions of the network, acting as
bridges between those regions. Therefore, the between-
ness centrality strategy likely acted by enhancing hub
connections, facilitating the flow of information between
regions, with good impact on the shortest paths of the
network.
When comparing the improvements yielded by the
degree-based and the betweenness centrality strategies,
which were similar, it follows that, in practice, it could
be more interesting to adopt the degree-based approach
because of its substantially smaller computational cost,
compared to that implied by calculating the betweenness
centrality.
Table I shows the decrease in ASPL relative to its ini-
tial value, that is, before the application of the optimiza-
tion strategies, for each considered model and strategy.
Generally speaking, the largest improvements were ob-
served for the WS model. The BA model yielded the
smallest improvements.
In order to better understand the relationship between
the initial value of the average shortest path length and
the relative variation of this property after the optimiza-
tion strategies, we plot these two quantities as a scatter-
plot, which is shown in Figure 4. Generally, the distribu-
tion of points in these scatter-plots yields a relatively
high correlation between the initial and the improved
values for the network models, indicating that a high
average shortest path has greater potential to be propor-
tionally reduced. The improvement in ASPL for the ER
and WAX models tends to vary more than in the other
models, specially when considering the accessibility (1)
strategy.
5BA ER WS Wax
Regular topology Initial Value 3.49± 0.03 4.04± 0.04 4.41± 0.02 4.03± 0.04
Variation (%) −0.16± 0.02 −0.43± 0.02 −0.60± 0.02 −0.42± 0.02
Degree Initial Value 3.49± 0.03 4.04± 0.04 4.41± 0.02 4.03± 0.04
Variation (%) −0.78± 0.05 −1.4± 0.1 −1.38± 0.05 −1.48± 0.08
Pref.Attachment Initial Value 3.49± 0.03 4.04± 0.04 4.41± 0.02 4.03± 0.04
Variation (%) −0.40± 0.05 −0.83± 0.04 −1.31± 0.05 −0.81± 0.05
Btw. Centrality Initial Value 3.49± 0.03 4.04± 0.04 4.41± 0.02 4.03± 0.04
Variation (%) −0.86± 0.06 −1.37± 0.08 −1.51± 0.06 −1.51± 0.08
Accessibility (1) Initial Value 3.49± 0.03 4.04± 0.04 4.41± 0.02 4.03± 0.04
Variation (%) −1.20± 0.07 −1.5± 0.1 −1.52± 0.05 −1.7± 0.1
Accessibility (2) Initial Value 3.49± 0.03 4.04± 0.04 4.41± 0.02 4.03± 0.04
Variation (%) −0.30± 0.02 −0.64± 0.04 −1.06± 0.06 −0.64± 0.04
Accessibility (3) Initial Value 3.49± 0.03 4.04± 0.04 4.41± 0.02 4.03± 0.04
Variation (%) −0.34± 0.08 −0.97± 0.08 −1.7± 0.1 −0.89± 0.09
TABLE I. Comparison of the ASPL evolution after 50 iterations for each strategy. The initial value is calculated before the
application of any strategy and the percentage variation of the average shortest path length is related with respect to the initial
value. Also shown is the corresponding standard deviation of 30 realizations for each strategy and model. The largest variation
for each model is highlighted with a gray background.
FIG. 4. Relationship between the initial average shortest path length found in each of the considered models and the improve-
ment produced by the strategies. Here, only three representative strategies are shown. Note that the improvement axes have
distinct ranges among the plots.
B. A case study: world-wide airport network
In order to study how the application of the proposed
strategies can affect real-world systems, we considered a
world-wide airport network [1] that represents several air-
ports, which are connected when there are direct flights
between them. The results of the application of the
strategies can be seen in Figure 5.
The order of strategies performances was almost the
same as that found for the network models. The Acces-
sibility (1) strategy presented a reduction of 2.43% af-
ter 50 iterations and 3.86% after 100 iterations, which is
considerably larger than what had been obtained for the
theoretical models, showing a greater potential for opti-
mization of the average shortest path in that real-world
network.
IV. CONCLUSIONS
The average shortest path length (ASPL) is an impor-
tant property of complex networks, as it tends to directly
influence the dynamics taking place on a network. For
instance, information exchange in a social network tends
to be faster when the ASPL is small. [15] Thus, it is in-
teresting not only to identify strategies able to efficiently
optimize this property, but also to verify the effectiveness
of optimization strategies among different networks.
In this work, we considered 7 ASPL optimization
strategies, all involving the subsequent addition of edges
to the network, but using different criteria for connecting
pairs of nodes. The degree, betweenness and accessibility
values of the nodes were taken into account for placing
the new connections. The strategies were applied to the
6FIG. 5. Average shortest path length as a function of
added connections obtained by applying the several consid-
ered strategies on an airport network.
Erdo˝s-Re´nyi, Baraba´si-Albert, Watts-Strogatz and Wax-
man network models and also to an airport network. The
results indicate that, among the considered models, con-
necting pairs of nodes having large and small accessibil-
ity has the best potential for decreasing the ASPL of a
network. This happens because nodes having low acces-
sibility tend to be associated with the periphery, or bor-
der, [20, 21] of the network. Such nodes tend to be poorly
interconnected, thus having their communication to de-
pendent on paths passing through more central nodes,
characterized by large accessibility. When new connec-
tions are added between low and large-accessibility nodes
(accessibility (1) strategy), the shortest path distances
among the nodes in the periphery rapidly decrease, when
compared to other strategies.
When considering the optimization strategies for dif-
ferent network topologies, the BA model showed large
resilience to ASPL reduction. This is likely because net-
works generated by the BA model already have very low
ASPL [5]. The ASPL of the airport network showed
relatively small variation, with the striking exception of
the accessibility (1) strategy, which sharply decreased the
ASPL of this network.
Future works could address the optimization of the
ASPL of spatial network models as well as diverse real-
world networks, including a cost for adding long range
connections to the network. Another possibility would
be to verify the influence of the average degree on the
optimization strategies, as this measurement is known to
have a strong effect on the shortest path distribution.
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